


ANALYTIC HIERARCHY PROCESS (AHP) 



PAIRWISE COMPARISON 
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Is it more or less important? 

How much more or less important is it? 



PAIRWISE COMPARISON 

equal moderate less slightly less strongly less very strongly less equal 
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 slightly more moderate less  equal moderate less strongly less strongly more 
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Is it more or less important? 

How much more or less important is it? 



PAIRWISE COMPARISON 

1 1/3 1/2 1/5 1/7 1 

3 1 3 1 1/2 5 

2 1/3  1 1/3 1/5 5 

3 1  3  1 1/2 6 

7  2 4 2 1 7 

1/2  1/5 1/5 1/6  1/7 1 

Is it more or less important? 

How many more or less important is it? 



FUNDAMENTAL SCALE 

Proposed by T. Saaty Fundamental Scale: FS =
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1 - Equal importance 

2 (1/2) - Weak or slight more (less) important 

3 (1/3) - Moderate more (less) important 

4 (1/4) - Moderate plus more (less) important 

5 (1/5) - Strong more (less) important 

6 (1/6) - Strong plus more (less) important 

7 (1/7) - Very strong or demonstrated more (less) important 

8 (1/8) - Very, very strong more (less) important 

9 (1/9) - Extremely more (less) important 

 



GEOMETRIC SCALE 

Proposed by F. Lootsma, Geometric Scale:  

GS(𝑎, 𝑛) = 𝑎−𝑛, 𝑎−𝑛+1, … , 𝑎−2, 𝑎−1, 1, 𝑎, 𝑎2, … , 𝑎𝑛−1, 𝑎𝑛  

• equal ratios between elements of Geometric Scale: 𝑎 

• without lack of elements differ 𝑎 times 

• easy convert to question about language judgment:  

„Is it 𝑎 times more (less) important?”  

• no limited set of GS numbers 

• quite big difference between the largest number and tiny between the smallest 

• in our investigation we use: 

GS 1.2,10 = 0.16, 0.19, 0.23,… , 0.83, 1, 1.2, 1.44, 1.78,… , 6.19  



EXTENSION OF FUNDAMENTAL SCALE 

Our proposition is Extension Scale:  

ES(a) = 𝑎−1, (𝑎 − 1)−1, … , 1/2 , 1, 2, 3, … , 𝑎 − 1, 𝑎  

• equal differences between bigger than 1 elements of the Extension Scale 

• uniformly decreasing differences between smaller then 1 elements of the scale 

• possible to set the biggest or smallest element of the scale 

• no limited set of ES numbers 

• difficult exchanging the set of numbers to set of language phrases 

• in our investigation we use: ES(50) =
1
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RECIPROCITY OF PAIRWISE COMPARISON 

1 1/3 1/2 1/5 1/7 1 

3 1 3 1 1/2 5 

2 1/3  1 1/3 1/5 5 

3 1  3  1 1/2 6 

7  2 4 2 1 7 

1/2  1/5 1/5 1/6  1/7 1 

If A is better for me X times than B, does B is worse for me X times than A? 



RECIPROCITY OF PAIRWISE COMPARISON 

equal moderate less slightly less strongly less very strongly less equal 

moderate more equal moderate more equal slightly less strongly more 

 slightly more moderate less  equal moderate less strongly less strongly more 

 moderate more equal  moderate more  equal slightly more 
strongly plus 

more 

very strongly 

more 
 slightly more 

moderate plus 

more  
 slightly less equal 

very strongly 

more 

slightly less  strongly less strongly  less 
strongly plus 

less  
very strongly less equal 

If A is better for me X times than B, does B is worse for me X times than A? 



RECIPROCITY OF PAIRWISE COMPARISON 

equal moderate less slightly less strongly less very strongly less equal 

moderate more equal moderate more equal slightly less strongly more 

 slightly more moderate less  equal moderate less strongly less strongly more 

  equal  moderate more  equal slightly more 
strongly plus 

more 

very strongly 

more 
 slightly more    slightly less equal 

very strongly 

more 

  strongly less strongly  less 
strongly plus 

less  
very strongly less equal 

If A is better for me X times than B, does B is worse for me X times than A? 



RECIPROCITY OF PAIRWISE COMPARISON 

equal moderate less slightly less strongly less very strongly less equal 

moderate more equal moderate more equal slightly less strongly more 

 slightly more moderate less  equal moderate less strongly less strongly more 

 strongly more equal  moderate more  equal slightly more 
strongly plus 

more 

very strongly 

more 
 slightly more strongly more  slightly less equal 

very strongly 

more 

equal  strongly less strongly  less 
strongly plus 

less  
very strongly less equal 

If A is better for me X times than B, does B is worse for me X times than A? 



RECIPROCITY OF PAIRWISE COMPARISON 

1 1/3 1/2 1/5 1/7 1 

3 1 3 1 1/2 5 

2 1/3  1 1/3 1/5 5 

5 1  3  1 1/2 6 

7  2 5 2 1 7 

1  1/5 1/5 1/6  1/7 1 

If A is better for me X times than B, does B is worse for me X times than A? 



PAIRWISE COMPARISON MATRIX (PCM) 

The PCM is a matrix 𝐴 = [𝑎𝑖𝑗]𝑛×𝑛
 , where 𝑛 is number of alternatives, which elements 𝑎𝑖𝑗 

are decision maker’s judgments about priority ratios  𝑣𝑖/𝑣𝑗. 

Thus PCM elements holds: 

𝑎𝑖𝑗 =
𝑣𝑖
𝑣𝑗
∙ 𝜀𝑖𝑗 

where  𝜀𝑖𝑗  is realization of certain random variable with expected value equal 1, which is 

called perturbation factor (PF).  

Existence of PF is caused by human brain capabilities. In literature different probability 

distribution of PF are assumed. In our investigation we assumed (see Starczewski 

2016) mixed distribution: Gamma, Normal, Log-Normal and Uniform.  However, we 

consider them separately with 3 different values of standard deviation: 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑. 

Additional in part of simulation we multiply one randomly chosen element of PCM by big 

factor, which equals 𝟐 or 𝟑. 



In order to obtain PV from PCM we 

can use one of several methods. 

Two of them are especially 

popular: Right Eigenvector 

Method (REV) and Geometric 

Mean Procedure (GM). However, 

in contrast to REV, GM allow us to 

obtain PV from non-reciprocal 

PCM. Due to GM the elements of 

PV are calculated with formula: 
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PRIORITY VECTOR (PV) 



ERRORS IN PRIORITY VECTOR 

In practice we do not know true PV so we can not estimate errors which we make, 
when we calculate priority vector estimation (PVE) due to AHP. However in our 
simulations we assume true value of PV and calculate corresponding PCM. Next 
we disturb this PCM and from its we calculate PVE. Comparing values of PV and 
PVE one can observe errors which are caused by several made in AHP 
assumptions. 

We observe following errors: 

• Relative error (RE): 𝑅𝐸 𝑤, 𝑣 =
1

𝑛
 

𝑤𝑖−𝑣𝑖

𝑣𝑖

𝑛
𝑖=1  ; 

• Ordering error (OE) – when alternative’s order in PV and PVE is different; 

• Serious ordering errors (SOE) –when obtained differences between order PV 
and PVE occur for alternatives priority differ more than threshold (in our 
investigation more than factor 𝑝 = 0.1). 



SIMULATION FRAMEWORK 

1. Randomly generate 𝑛-dimensional PV. 

2. Generate ideal matrix of true priority ratios according to formula 𝑎𝑖𝑗 =
𝑣𝑖

𝑣𝑗
 . 

3. Disturb the elements of ideal matrix by certain PF: 𝑎𝑖𝑗 =
𝑣𝑖

𝑣𝑗
∙ 𝜀𝑖𝑗 and mark new 

disturbed matrix as PCM. 

4. Randomly select one element from upper triangle of PCM and multiple them by BF. 

5. Round the components of PCM to the nearest number of examined priority scale. 

6. Force the reciprocal (in reciprocal case) by replacement the elements from lower 

triangle of PCM on reciprocals of elements from upper of PCM. 

7. Calculate elements PVE from PCM in accordance to GM. 

8. Calculate RE between PV and PVE , check whether are obtained OE or SOE. 

9. Record obtained in loop values in database. 

10. Repeat simulation for 𝑛2 PCM’s disturbing and 100 PVs. 



SIMULATION FRAMEWORK 

In our investigation we assumed following parameters: 

• dimension of PV and PCM:  𝑛 = 4 

• probability distributions of PF: Normal, Log-Normal, Gamma, Uniform 

• standard deviations of PF: 0.1, 0.2, 0.3 

• big factor: 𝐵𝐹 = 1, 2, 3 

• PCM: reciprocal and non-reciprocal (separately) 

• PCM scales: FS (Saaty’s),  GS(1.2,10), ES 50  

• PVE obtained due to GM 

 



RESULTS 

  No reciprocal Reciprocal 

Scale: without FS ES(50) GS(1.2,10) without FS ES(50)  GS(1.2,10) 

SD=0.1 0,03 0,11 0,05 0,84 0,04 0,10 0,06 0,77 

SD=0.2 0,07 0,15 0,08 0,73 0,08 0,13 0,09 0,81 

SD=0.3 0,10 0,15 0,11 0,84 0,12 0,17 0,13 0,80 

The average relative errors (RE) in PVEs obtained in simulations without big errors: BF=1  



RESULTS 

  No reciprocal Reciprocal 

Scale: without FS ES(50)  GS(1.2,10) without FS ES(50)  GS(1.2,10) 

SD=0.1 0,12 0,61 0,17 2,75 0,13 0,74 0,19 2,74 

SD=0.2 0,26 0,92 0,25 2,82 0,33 0,61 0,36 2,51 

SD=0.3 0,49 0,81 0,56 2,50 0,75 1,04 0,71 2,29 

The biggest relative errors (RE) in PVEs obtained in simulations without big errors: BF=1  



RESULTS 

  No reciprocal Reciprocal 

Scale: without FS ES(50)  GS(1.2,10) without FS ES(50)  GS(1.2,10) 

SD=0.1 0,07 0,22 0,14 0,89 0,08 0,18 0,28 0,88 

SD=0.2 0,14 0,22 0,16 0,89 0,15 0,18 0,25 0,81 

SD=0.3 0,22 0,23 0,28 0,75 0,26 0,26 0,28 0,73 

The fraction of ordering errors (OE) in PVE obtained in simulations without big error  (BF=1)  



RESULTS 

  No reciprocal Reciprocal 

Scale: without FS ES(50)  GS(1.2,10) without FS ES(50) GS(1.2,10) 

SD=0.1 0,01 0,08 0,07 0,01 0,01 0,08 0,08 0,02 

SD=0.2 0,05 0,11 0,10 0,06 0,06 0,20 0,13 0,10 

SD=0.3 0,11 0,14 0,12 0,13 0,13 0,18 0,18 0,16 

The fraction of serious ordering errors (SOE) in PVE with threshold p=0.1 obtained in simulations   

without big error: BF=1 



RESULTS 

  No reciprocal Reciprocal 

Scale: without FS ES(50)  GS(1.2,10) without FS ES(50) GS(1.2,10) 

SD=0.1 0,06 0,12 0,12 0,06 0,12 0,18 0,20 0,13 

SD=0.2 0,09 0,13 0,12 0,10 0,16 0,19 0,19 0,17 

SD=0.3 0,13 0,17 0,15 0,15 0,19 0,21 0,21 0,23 

The fraction of serious ordering errors (SOE) in PVE with threshold p=0.1 obtained in simulations   

without big error: BF=2 



RESULTS 

  No reciprocal Reciprocal 

Scale: without FS ES(50)  GS(1.2,10) without FS ES(50) GS(1.2,10) 

SD=0.1 0,13 0,17 0,16 0,10 0,26 0,29 0,31 0,21 

SD=0.2 0,14 0,19 0,16 0,14 0,24 0,26 0,28 0,26 

SD=0.3 0,18 0,19 0,20 0,18 0,27 0,28 0,30 0,28 

The fraction of serious ordering errors (SOE) in PVE with threshold p=0.1 obtained in simulations   

without big error: BF=3 



CONCLUSIONS 

• the smallest values of each error we obtain for case without scale 

• the smaller values of errors we obtain for non-reciprocal case than in reciprocal 

(independently of scale) 

• the smallest values of RE among considered scales we obtain for ES(50) 

• the smallest values of OE we obtain for ES(50) and FS 

• the smallest values of SOE we obtain for GM(1.2,10) but for RE and OE we 

obtain the biggest value for this scale 

• based on our results we suggest use ES(50) 

• based on our results it seemed important use non-reciprocal PCMs 
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